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Abstract Accurate calculations of radiator thermal performance were performed based on
accurate considerations of the varying heat transfer coefficient on the radiator surface. Using
a reference point, both the main equation for heat power output and the main equation for
exit temperature were derived. Both equations allow the prediction of all other operating
points, so that the complete thermal characteristics of a given radiator can be calculated
directly from the reference point without having to consider the geometrical parameters of
the radiator and the physical properties of the air under free convection. For performing the
load regulation with the exit flow temperature as the target, e.g., reverse calculations for the
exact setting of the mass flow were presented. Furthermore, the approaching equation con‐
tained in DIN EN442 was reviewed for its accuracy and application limitations. For designs
and calculations, both the eigen‐constant and the eigen‐parameter were furthermore intro‐
duced, which greatly facilitates the experimental determination of the heat transfer coeffi‐
cient. The established relationship between the power output and the surface area of radia‐
tors showed satisfactory agreement with the data available in the VDI Heat Atlas.
Key words: Radiator; heat exchanger; main equation; DIN EN442; thermal characteristics; eigen‐constant; eigen‐
parameter; series connection of radiators

1 Introduction
Among many types of heat exchangers, radia‐
tors are mainly used in heating, ventilation, and air
conditioning (HVAC) systems, as well as in cooling
systems of automobiles and electronics. Radiator op‐
eration is often subject to load control, often through
mass flow regulation. In process controls in thermal
engineering, load regulation of radiators can also be
accomplished by changing the inlet temperature of
the working fluid. The basis for load regulation of
radiators is the thermal characteristic of the radiator,
which is represented by the heat power output ( Q )
as a function of the mass flow rate ( m ) and the inlet
temperature ( T  ) of the working medium at a given
ambient air temperature:

Q  f  m , T , geometry,fluid property  .

(1)

This equation would be more applicable to ra‐
diators in a control system if the mass flow rate and
the heating power can be related to the respective
known reference values m R and Q R , for instance, in
the following form

 m

Q
f
,T   .

QR
 m R


(2)

Such a dependence has been lacking, despite
the long history of applications and long‐term devel‐
opments. Both the design and the optimization of ra‐
diators are based solely on experimental data or em‐
pirical relationships. For radiators of different de‐
signs and configurations, corresponding significant
data for thermal performances are commonly given
by the manufactures, although often only for a refer‐
ence point. For basic design and calculations, corre‐
sponding fundamentals can be found, for instance,
in [1, 2].
The thermal characteristics of radiators in the
form of Eq. (1) are based entirely on calculations of
fundamental free convections. As shown in [3], not
only the geometrical parameters but also the fluid
properties must be taken into account each time. On
the one hand, this represents a rather cumbersome
treatment. On the other hand, the calculations suffer
from computational inaccuracy due to the purely
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theoretical nature of calculations and thus the ne‐
glect of some real factors influencing the heat trans‐
fers. In contrast, the thermal characteristic in the
form of Eq. (2) always refers to a known reference
operating point which is obtained, for instance, from
measurements. From this point of view, Eq. (2)
would be much more applicable than Eq. (1) if it
were available. This will be explained in detail below
in section 2.
To estimate the power output of radiators, an
indirect approaching method is proposed in the Eu‐
ropean standard DIN EN442. Instead of the mass
flow rate in Eq. (2), the ratio of the mean temperature
difference to the value under the nominal condition
is considered as an independent variable. The re‐
lated computational inaccuracy, however, could not
yet be evaluated and thus remains unknown.
For the above‐mentioned reasons, the present
paper attempts to reveal the associated relations and
to find solutions. It therefore consists of two parts.
The first part is restricted to the establishment of the
main equation of the radiators, which allows the di‐
rect calculation of all other operating points of a
given radiator by knowing only one operating point
(reference point). In other words, Eq. (2) can be accu‐
rately derived. The second part reveals the inaccu‐
racy of the estimation equation proposed in DIN
EN442 for radiators in HVAC applications. The inac‐
curacy also exists when using the logarithmic tem‐
perature difference.
It should be mentioned that radiators them‐
selves, especially in HVAC applications, have been
considered as a kind of mature apparatus and there‐
fore there were almost no extended studies on ther‐
mal characteristics and related calculations for them.
The approach in DIN EN442 was simply accepted as
a standard equation and is often used by all radiator
manufactures for providing data sheets.
2 Main Equations and Thermal Characteristics of
Radiators
2.1 Fundamentals
In the present paper, the notations of almost all
thermal parameters are in accordance with the nota‐
tions found in the VDI Heat Atlas [4].
Despite the name of the apparatus, the domi‐
nant heat transfer mechanism in most radiators is
convection rather than thermal radiation. In HVAC
applications of radiators, for instance, heat exchange
is based on both convective heat transfer on the fluid
flow side and free convection to the ambient air. Be‐
cause of the high heat transfer coefficient, i.e., the

2
negligible thermal resistance in the radiator, the tem‐
perature on the outer surface of the radiator is com‐
parable to the temperature of the working medium.
The radiator itself thus behaves like a heat source for
its environment, in which, as in buildings, free con‐
vective heat transfer dominates compared to thermal
radiation.
The convective heat transfer between the radia‐
tor and the air in the environment is basically calcu‐
lated by Q   AT . The heat transfer coefficient it‐
self depends on the thermal conductivity of the sur‐
face film and thus on the temperature difference be‐
tween the radiator and the ambient air. This implies
that the heat transfer coefficient is a variable along
the radiator surface in the flow direction. In addition,
the heat transfer coefficient at radiators in buildings
also depends on whether the surface for free convec‐
tion is horizontal or vertical. According to literature
(e.g. [5]), the heat transfer coefficient can be shown
proportional to Ra1 3 or Ra1 4 , with Ra as the Ray‐
leigh number. In term of the Nusselt number, it is ex‐
pressed for instance as follows:
Nu=

l
 CRa 1 3 .


(3)

The Rayleigh number is defined, in proportion
to the temperature difference T , as
Ra 

g
Tl 3 Pr .
2

(4)

Here,  ,  and  represent respectively the
thermal expansion coefficient, the kinematic viscos‐
ity and the thermal conductivity of the air in the en‐
vironment. Together with the Prandtl number Pr,
they can all be considered constant when calculating
the thermal characteristics in practical applications.
The characteristic length is denoted by l.
The convective heat transfer can then be ex‐
pressed as Q   AT  T n with n  1  1 3 or
n  1  1 4 , depending on the Rayleigh number. It
should be noted that the temperature difference T
and thus both the heat transfer coefficient  and the
heat flux dQ dA basically change along the radiator
surface in the direction of flow. For the overall heat
power output of a radiator, integration calculations
must be carried out.
Since the heat transfer coefficient  on the ra‐
diator is not constant, the calculation of its mean
value should in principle and due to Q   AT al‐
ways be connected with the calculation of an appro‐
priate temperature difference. This means that for
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each mean temperature difference (logarithmic or
arithmetic) there exists a mean heat transfer coeffi‐
cient  . As shown in [3] using examples with three
different mean temperature differences, this obvi‐
ously represents a highly inconvenient way to calcu‐
late the overall power output of a given radiator.
Therefore, the accurate calculation of radiators
relies on the combined consideration of the heat
transfer coefficient and the temperature difference.
In other words, the two parameters should not be
treated separately.
As a starting point for calculations, the energy
balance along the radiator in the direction of flow
can be written as

dQ  cp m dT    T  Tair  dA .

(5)

The heat transfer coefficient is a function of the
temperature difference between the radiator and the
air in the surrounding environment. As mentioned
above, it is proportional to Ra1 3 or Ra1 4 , depending
on the Rayleigh number. Thus, it can be represented
in the following combined form

 T  Tair   b T  Tair  ,
n

(6)

with b as the proportionality thermal constant calcu‐
lated from Eq. (3) with respect to Eq. (4). It is thus a
complex function of the geometrical configuration of
the radiator and the physical properties of the air in
the environment. Commonly there is n≈1.3.
From Eq. (5), one then obtains

cp m dT  b  T  Tair  dA .
n

(7)

Integration of this equation leads to the temper‐
ature distribution along the radiator surface
T  Tair 

1


b
1

n

A
1




x
n 1
cp m 
 T   Tair 

1  n 1

,
(8)

with T  as the temperature of the working fluid at
the radiator inlet and Ax as the dependent heat
transfer area along the radiator surface in the flow
direction.
On the other hand, the total heat output is cal‐
culated from Eq. (5), taking into account Eq. (6), by
the following integration:
A

A

0

0

n
Q    T  Tair  dAx  b  T  Tair  dAx .

(9)

Substituting Eq. (8), the integration finally leads

1



 n 1 
cp m






Q  cp m  T  Tair  1 
 . (10)
n 1
  cp m   n  1 bA  T   Tair   



This equation can also be found in [3] and in the
given references, where the exponent n is defined
differently. In place of the constant b, the symbol k
was used in [3]. Unfortunately, no further analyses
were conducted there, so that the calculation exam‐
ples shown in [3] all refer to example radiators and
therefore are not general for other types of radiators.
Obviously, Eq. (10) represents the precise form
of Eq. (1). Not only the geometric parameter A of the
radiator but also the thermal constant b was in‐
cluded. The calculation itself seems to be quite com‐
plex. Because the calculation refers to a single radia‐
tor, the similarity of thermal performance between
different types of radiators cannot be used further.
In addition, as mentioned in the introduction, the
calculation does not refer to a known reference point
and therefore does not account for other possible in‐
fluencing factors such as the wall thickness of the ra‐
diator and the non‐vanishing convective thermal re‐
sistance in the internal flow.
For this reason, Eq. (10) should be further devel‐
oped.
2.2 Derivation of Main Equations
For further calculations, the thermal effective‐
ness of the radiator is first defined as follows

a

T   T 
1
Q
,

T   Tair T   Tair cp m

(11)

where cp is the specific heat capacity of the air and
T  is the exit temperature of the fluid flow from the
radiator.
As stated in Eq. (2), it seems reasonable to al‐
ways calculate the thermal characteristics of a given
radiator from a known reference operating point.
Such a reference point is basically specified by a
given mass flow with known inlet and exit tempera‐
tures. The thermal output is then simply calculated
as Q R  cp m R TR  TR  . Accordingly, aR is obtained
from Eq. (11). For radiators, the reference point can
be equated with the nominal point, which is speci‐
fied in DIN EN442 to TN  75 °C for the inlet flow
and TN  65 °C for the outlet flow of the radiator.
With the nominal temperature of the surrounding
air of Tair,N=20 °C, one obtains aN  0.182 as a special
reference point.

to
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The reason for using the term “reference point”
instead of “design point” is that a radiator can theo‐
retically be operated at all possible temperatures and
flow rates. Thus, its design point is not defined be‐
fore the heat power output for a particular applica‐
tion is specified.
Depending on the air and fluid flow tempera‐
tures, which may differ from the reference values,
the heat output is calculated according to Eq. (11)
Q
a m

 inlet ,
Q R aR m R

(12)

Q
1 m

inlet 

QR aR m R
1

.
 n 1 



 
m
1
n 1
R

 1  
1  1   inlet
m  1  aR n 1   
 




This equation is called the first main equation or
the thermal characteristic equation of the radiator. In
the general form it is written as


Q
m
 f  aR ,
, inlet  .

m R
QR



with

 inlet 

T   Tair
.
TR  Tair,R

(13)

If a radiator operates only with mass flow ad‐
justment, i.e., with an inlet temperature and an air
temperature equal to those at the reference point,
then there is simply inlet  1 . In the extended sense,
inlet  1 also includes the simultaneous change of T 
and Tair under the condition T   Tair  TR  Tair,R .
Considering the parameter a defined in Eq. (11),
then Eq. (10) is further written as
1

n 1

bA
n 1 
1  a  1   n  1
T   Tair   .
cp m



(14)

n=1.3, aR=0.182

1.0

1
n 1

inlet=1.0

0.8

(15)

0.8

Q/QR

.

With respect to Eq. (14) and the definition of
 inlet in Eq. (13), the ratio of the heat outputs is ob‐
tained from Eq. (12)

0.6

0.6

0.4

0.4

0.2

0.2

0.0

Q
1 m

 

 inlet
a
QR
R mR

0.0

0.2

0.4

0.6

0.8

1.0

1.2

m/mR

1


 n 1  .
 
cp m
 
1  
n 1
n 1



  cp m   inlet  n  1 bA TR  Tair,R   



(16)

For further calculations, one first obtains from
Eq. (15)

 n  1 bA TR  Tair,R 

(19)

It exactly fulfills the expectation of Eq. (2). The
thermal effectiveness of the radiator at the reference
point ( aR ) is a known quantity. All geometrical and
air property parameters (, , , , cp, Pr), including
the thermal constant b in Eq. (6), do not need to be
considered. Because of the use of the known refer‐
ence point, Eq. (18) is also highly accurate.
Figure 1 shows the calculation results for a
given radiator with known reference point
aR  0.182 . It can be used to regulate the power out‐
put of the radiator by regulating either the mass flow
rate or the inlet temperature (or both) of the working
fluid.

For the reference point this becomes


n 1 
bA
1  aR  1   n  1
TR  Tair,R  

cp m R



(18)

n 1



1
.
1
 cp m R 

 1  a n 1 
R



(17)

This is inserted into Eq. (16). It then follows

Fig. 1 Relative heat output of a radiator in dependence on
mass flow rate and inlet temperature of the working me‐
dium

Comparing Eq. (18) with Eq. (12), one obtains
the corresponding thermal effectiveness
1


 n 1
R 
1
n 1 m

 .
1
a  1  1  inlet

m  1  aR n 1 



(20)

Furthermore, combining Eq. (18) and Eq. (12)
for eliminating the term m m R yields
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1

1

Q
a 1  aR 
n
.

 inlet
1
Q R aR
1
n 1
1  a 
n 1

5

(21)

This can be considered as another form of the
first main equation of the radiator.
The exit temperature, which is contained in the
parameter a according to Eq. (11), can be calculated
by taking Eq. (12) into account as follows

 exit 

T   Tair
m Q
.
  inlet  aR R
TR  Tair,R
m Q R

 A  n 1
T  Tair  
1
 x .
1
 1  

T* 
T   Tair   1  a n 1  A 



(25)

The temperature is related to the temperature at
the inlet of the radiator. The calculated temperatures
as a function of the running surface Ax A and for
different values of the effectiveness of the radiator
are shown in Fig. 3, where n=1.3 was assumed.
For Ax A  1 , one obtains the exit temperature
T   Tair  1  a  T   Tair  , which agrees with Eq. (23).

(22)

(23)

Substituting Eq. (18) into Eq. (22), the second
main equation of the radiator is obtained as

a=0.1

0.8

T*

 exit  1  a   inlet .

n=1.3

1.0

Alternatively, by substituting Q Q R from Eq.
(12), one also obtains

a=0.2

0.6

a=0.4
a=0.6

0.4

1

exit

 1
  n 1
m 
1
 .
1
  n 1  R 


m  1  aR  n 1  
 inlet


(24)

For the same radiator, as in Fig. 1, the calcula‐
tion results of the exit temperature are shown in Fig.
2. Both Eq. (24) and Fig. 2 are given here only for
completeness of calculations. In practical applica‐
tions of radiators, the exit temperature of the work‐
ing medium can be used as a control or monitoring
parameter.

0.2
0

0.2

0.4

Ax/A

0.6

0.8

1

Fig. 3 Temperature on the surface of the radiator

For operation under the nominal condition (i.e.
aR  aN  0.182 ) and with n=1.3, it follows
1

A  0.3

T  1  0.062 x  .
A

*
N

(26)

1.0

n=1.3, aR=0.182

2.3 Special Cases

inlet=1.0

0.8

For the mass flow of the working medium equal
to that at the reference point, it follows from Eq. (18)
with m  m R :

0.8

exit

0.6

0.6

1


 n 1 


 
Q
1
1
n 1
.
 inlet 1  1  inlet 
 1 
 1  a n 1   
Q R aR
 
R





0.4

0.4
0.2

0.2
0.0
0.0

0.2

0.4

0.6

0.8

1.0

1.2

m/mR

Fig. 2 Relative exit flow temperature of a radiator in de‐
pendence on mass flow rate and inlet temperature of the
working medium

Furthermore, the temperature along the radia‐
tor surface in the direction of flow, as given in Eq.
(8), can be calculated by combining Eq. (14), leading
to

(27)

The power output is now only a function of the
inlet flow temperature  inlet (with aR as a known
constant). The case aR  1 means that the exit tem‐
perature of the working fluid equals the temperature
of the ambient air. This further means that, for a
given radiator, the reference mass flow rate is suffi‐
ciently low, as can be confirmed from Eq. (15) with
m R  0 . From Eq. (27), it then follows Q Q R   inlet .
The power output is proportional to the inlet tem‐
perature of the working fluid.
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Figure 4 shows the calculation results of Eq.
(27). It can be applied to regulate the radiator output.
1.0

n=1.3, m/mR=1
0.8

aR=1.0

Q/QR

0.6

0.8
0.5

0.4

0.1
0.2
0.0
0.0

0.2

0.4

inlet

0.6

0.8

1.0

Fig. 4 Relative heat output of radiators with same mass
flow as in reference points

In this case, the heat output is a function of the
mass flow of the working fluid for each given aR
(reference operating point of the radiator), as shown
in Fig. 6. The fact to be mentioned is that this type of
diagram can be found in many literatures and text‐
books, but not as accurate as calculated here for the
first time based on Eq. (29). In [3], similar calcula‐
tions are shown for a given radiator (n=1.3, k=3.092,
A=2.041) based on Eq. (10) for different reference val‐
ues of power outputs varying from 125 W to 1000 W,
which is achieved by varying the inlet temperature.
The examples are not non‐dimensional. By re‐
mapping this varying output power to varying effec‐
tiveness aR , as we did, the calculation examples in
[3] were recalculated and verified by fully satisfying
Eq. (29) and Fig. 6 in dimensionless form.
1.2

The exit temperature given in Eq. (24) is accord‐
ingly simplified to

n=1.3, inlet=1
1.0

1

(28)

Corresponding calculation results are shown in
Fig. 5. For aR  1 which also means a=1 according to
Eq. (20),  exit  0 results from Eq. (23) automatically.

0.2

0.35
0.5

0.6

0.75

1.0

0.4
0.2
0.0

0.8

0.0

n=1.3, m/mR=1

0.2

aR=0.2

0.6
0.4

0.4

0.6
m/mR

0.8

1.0

1.2

Fig. 6 Heat output of radiators with same inlet tempera‐
tures as in reference points

0.4

exit

Q/QR

 exit

aR=
0.1

0.8

 1
 n 1
1
  n 1 
 1 .
n 1
  inlet 1  a 

R



0.6

0.2

0.8
1.0

0.0
0.0

0.2

0.4

inlet

0.6

0.8

1.0

Fig. 5 Relative exit temperatures of radiators with same
mass flow as in reference points

Another special case is given for constant inlet
flow temperature. With inlet  1 , Eq. (18) is simpli‐
fied to


1 m   m R
Q

1  1 
m
Q R aR m R  



1


  n 1 
1

 1   .
n 1


 1  aR 
  


(29)

The expression in the curly brackets is, accord‐
ing to Eq. (20), the corresponding thermal effective‐
ness of the radiator operating at inlet  1 .

The thermal characteristics shown in Fig. 6 are
valid both for different radiators (i) and for a given
radiator (ii) with different reference operating
points. In the former case (i), the diagram is com‐
monly applicable to radiator selection in connection
with installation and load adjustment in building
services engineering, i.e., HVAC applications [6, 7].
Together with an equal‐percentage control valve, for
instance, the approximate linear adjustment of the
power output can be achieved. In the latter case (ii),
different curves correspond to different reference
points ( m R , TR , Tair,R ) of a given radiator. For each
curve, however, the relationship between the mass
flow rate and the power output is subject to the con‐
dition inlet  1 . This condition, unfortunately, has
not always been clearly stated in the past. For this
reason, the general case of Eq. (18), and hence Eq.
(29), is much more advanced than all previous calcu‐
lations.
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1.0

In practical applications, for instance in [6] and
in many other German textbooks, the approximation
in place of Eq. (29) has often been found as follows:

R

1
.
 m

1  aR  R  1 
 m


(30)

tive accuracy of Eq. (30), can be calculated, as shown
in Fig. 7. The approximation according to Eq. (30) is
obviously inaccurate for low flow rates with, say,
m m R  0.5 . Such an inaccuracy depends on the ther‐
mal effectiveness of the radiator ( aR ) as well as on
the exponent n, which is found in Q in Eq. (29), but
acc

not in Eq. (30).
1.02

n=1.3, inlet=1
Qapp/Qacc

0.98
aR=0.75
0.94
aR=0.5
0.90
aR=0.3
0.86
0.2

0.4

0.6

0.8

1.0

1.2

m/mR

Fig. 7 Relative accuracy of the approach equation which
has been used in practice

The further outcome of the special case for
inlet  1 , correspondingly, is the dimensionless exit
temperature, as obtained from Eq. (24)

 m
exit  1  R
m


0.35
0.4

0.50

0.75

0.2

In contrast to Eq. (29), the influence of the expo‐
nent n is not taken into account.
When denoting Eq. (29) as the accurate calcula‐
tion ( Q acc ), the ratio of Q app Q acc , which is the rela‐

0.0

0.2

0.6

exit

Q app

Q

aR=0.1

n=1.3, inlet=1

0.8



1

 1 
n 1
 1  a 

R



1
n 1

,

(31)

as shown in Fig. 8.
This diagram, as in Fig. 6, is again valid for dif‐
ferent radiators as well as for a specific radiator with
different reference operating points. As a matter of
fact, such a diagram for the exit temperature of radi‐
ators, like that of Fig. 2, has been missing in all ap‐
plications up to now. Equations (24) and (31) there‐
fore represent highly advanced calculations. They
deserve, together with Eqs. (18) and (29) which will
find more application below in section 4, the name of
the main equations of radiators.

1.0

0.0
0.0

0.2

0.4

0.6

0.8

1.0

1.2

m/mR

Fig. 8 Related exit temperatures of radiators with same in‐
let temperatures as in reference points

2.4 Reverse Calculations
In certain applications of radiators, it may be re‐
quired to control the mass flow rate or the inlet tem‐
perature of the working medium, in order to achieve
a desired heat output or a desired exit temperature.
This just represents a practical application example
of the thermal characteristics (diagrams) of radiators.
Basically, the desired operation of the radiator can be
directly read out from the corresponding diagram
such as Fig. 6 for a given power output or Fig. 8 for
a given exit temperature. However, for the realiza‐
tion of an automatic control, it seems very conven‐
ient if the corresponding calculations can be directly
implemented in the software used.
In this case, one needs to use the main equations
viz. Eqs. (18) and (24). From Eq. (24), for instance, the
necessary mass flow for a given inlet temperature
and a desired exit temperature can be directly calcu‐
lated as follows
1

1
n 1
1  aR 
m
n 1
.
  inlet
n 1
m R
inlet exit   1

(32)

Correspondingly, for a given mass flow and a
desired exit flow temperature, the necessary inlet
temperature is simply obtained from the above
equation
1

inlet

 1
 n 1
m 
1
 .
1
  n 1  R 

m  1  aR  n 1 
 exit


(33)

If a desired power output Q Q R should be
reached, then, as can be confirmed from Eq. (18), ei‐
ther the inlet temperature or the mass flow rate can
be regulated. In the former case, the inlet tempera‐
ture is solved iteratively from Eq. (27) for m  m R . In
the latter case, iterative calculations of Eq. (29) for
inlet  1 must be completed.
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3 Review of the Approach in DIN EN442
As shown above, Eq. (18) for calculating the
thermal characteristics of radiators by using the ref‐
erence point is much more convenient than Eq. (10)
for individual calculations. This concept, in fact, was
also applied in DIN EN442. Instead of using the ref‐
erence mass flow, however, a nominal temperature
difference TN is specified as the reference value.
The ratio of the heat output of a radiator to the nom‐
inal value Q N is then approached by
n

Q  T 

 .
Q N  TN 

(34)

The exponent n, usually n=1.3, has its back‐
ground in connection with the definitions of the
Nusselt and Rayleigh numbers as well as with Eq.
(6).
For the hypothesis of Eq. (34), see also VDI Heat
Atlas [4].
The nominal temperature difference is obtained
from the nominal temperatures, which are set at
TN  75 °C for the inlet flow and TN  65 °C for the
exit flow from the radiator. With a nominal temper‐
ature of the ambient air at Tair,N=20 °C, the nominal
logarithmic temperature difference is calculated as
 TN,log  49.8 °C. The arithmetic mean of the temper‐
ature difference is TN,arith  50 °C. The effectiveness
of the radiator, as already obtained from Eq. (11), is
aN  0.182 .
Obviously, Eq. (34) stands for the thermal simi‐
larity between all types of radiators. The use of the
temperature difference, however, is less reasonable
than the use of the mass flow rate according to Eq.
(19), because the temperature difference is lastly de‐
termined by the mass flow rate. In addition, Eq. (34)
is obtained based on the use of a mean heat transfer
coefficient  which in fact changes along the radia‐
tor surface in the flow direction, see Eq. (6). Thus, Eq.
(34) is only an approximation even when using the
logarithmic temperature difference. Another fact
worth mentioning is that it is still unresolved how to
estimate the error associated with the use of Eq. (34).
In [3], for instance, it states that based on experi‐
mental testing the logarithmic temperature differ‐
ence is the “closest to reality”.
Based on the derivation of the two main equa‐
tions in Sect. 2.2, the error associated with Eq. (34)
can be accurately determined as follows.
Taking as reference the nominal point specified
by aR  aN  0.182 and Q R  Q N , it follows from Eq.
(21) with n=1.3:

Q

Q N

0.341a
1.3
inlet
.
1
1

0.3
1  a 

(35)

Its comparison with Eq. (34) provides infor‐
mation about the inaccuracy of Eq. (34). First, it is as‐
sumed that the logarithmic temperature difference is
used in Eq. (34), which is then rewritten as follows
Q DIN, log
Q
N


 1
T   T 

 49.83 T   Tair
ln

T   Tair


n



 .




(36)

Taking into account Eq. (13) for the definition of

 inlet as well as Eq. (22) for  exit , one obtains with
TN  Tair,N  55

Q DIN, log
Q
N


 55   
inlet
exit

 inlet
 49.83
ln

 exit


1.3



 .




(37)

With respect to Eq. (23), one further obtains
1.3
Q DIN, log
a1.3 inlet
 1.137
.
1.3
Q N
1 

 ln

 1 a 

(38)

The ratio of Eq. (38) to Eq. (35) is built as

Q DIN, log
3.33a 0.3

1.3
Q
1 

 ln

 1 a 



1

1

.
0.3
 1  a 


(39)

It is expressed as a function of the effectiveness
a of the radiator.
Similarly, for the use of the arithmetic tempera‐
ture difference in Eq. (34), one obtains
1.3

Q DIN,arith
2  a  1
.
1
 1.347



0.3
a
Q
 1  a 


(40)

Both Eq. (39) and Eq. (40) are presented in Fig.
9. Obviously, Eq. (34) from DIN EN442 is simply a
rough approximation even when using the logarith‐
mic temperature difference. The use of Eq. (34) with
logarithmic temperature difference leads to an over‐
estimation of the heat output and, when designing
radiators, to an underestimation of the radiator size.
For a reliable application of Eq. (34) with an inaccu‐
racy of less than 1%, the logarithmic temperature dif‐
ference should be restricted to the range of about
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a<0.55. The arithmetic temperature difference in Eq.
(34) should generally not be used.

4 Eigen‐Constant and Eigen‐Parameter of Radia‐
tors
For radiators, the thermal constant b in Eq. (6)
can be determined from Eqs. (3) and (4):

1.10
1.08

QDIN/Q

13

 g 
b  C  2 Pr   .



arithmetic

1.06
1.04

Under the nominal condition, which is specified
by pair=1 bar and Tair,N  20 °C, the following quanti‐

1.02

logarithmic

1.00
0.98
0.0

0.2

0.4

a

0.6

0.8

1.0

ties of air are found:
  3.425  10 3 1/K,

  1.536 105 m2/s,
  25.68 103 W/Km,

Fig. 9 Deviations of the approach of Eq. (34) with logarith‐
mic and arithmetic temperature difference from real val‐
ues of heat output

Pr  0.715 .
Then one obtains from Eq. (42)

bN  12C .

At the nominal point a  aN  0.182 , as being
expected, there are Q DIN,log Q  1 and Q DIN,arith Q  1 .
As can be verified, Eqs. (39) and (40) satisfy the
general relationship:

Tarith  1 1 
1
    ln
.
Tm
a
2
1

a



(41)

This relation is shown in Fig. 10. The approxi‐
mation with the arithmetic mean of the temperature
difference is only sufficient for small values of ther‐
mal effectiveness. According to VDI Heat Atlas [4],
the condition for using the arithmetic temperature
difference is restricted to T   Tair  T   Tair   0.7
i.e. a  0.3 . When applied to radiators, as in Fig. 9, a
maximum error of 1.1% could occur.
Because of Eq. (41), the thermal effectiveness of
a heat exchanger also behaves as a scale parameter
for assessing the applicability of the arithmetic tem‐
perature difference in place of the logarithmic one.
Note that, according to Fig. 9, neither the logarithmic
nor the arithmetic temperature difference is accurate
for radiators.
1.04

1.02

aR=0.182

Tarith/Tlog

1.03

1.01

1.00
0.0

0.1

0.2

a

0.3

0.4

(42)

0.5

Fig. 10 Ratio of arithmetic to logarithmic temperature dif‐
ferences as a function of the effectiveness of the radiator.

(43)

The significance of Eq. (42) or Eq. (43) for
Tair,N  20 lies in the direct determination of the free

convection constant C from the thermal constant b or
bN based on experiments.
First, one obtains from Eq. (17)





1

1

,
n 1
n 1
 1  aR 

air,R 

bA
1
1

cp m R n  1 T   T
R

(44)

which is denoted as the eigen‐constant of radiators.
Under the nominal condition as in Sect. 3, for
instance, it follows with n=1.3 and aN  0.182
N 

bN A
 0.0622 .
cp m N

(45)

The calculation of the eigen‐constant of radiators
is comparable with NTU, for instance, for plate heat
exchangers. Since in radiators the heat transfer coef‐
ficient on the radiator surface is not constant in the
direction of flow, the use of NTU is irrelevant.
As can be seen from the above equation, it is not
the surface area of the radiator alone, but always the
combination of bNA that determines the radiator de‐
sign and calculations. It is comparable with kA for
plate heat exchangers (with k as the heat transfer co‐
efficient). The significance of this property of radia‐
tors is that one does not have to specify the exact sur‐
face area of the radiator, which is often not clearly
defined, e.g. in the case of wavy surfaces: one may
use either the real surface area or the projection area.
Furthermore, the constant bN is connected with the
constant C by Eq. (43). The latter depends on the sur‐
face structure, surface orientation, edge effect, etc.
Only rough values for flat surfaces can be found in
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literature. For this reason and because of its im‐
portance, the term E=bA or EN  bN A is denoted as
the eigen‐parameter of radiators. Its ratio to the heat
capacity rate cp m N is the eigen‐constant of radiators.
4.1 Experimental Methods
Equation (44) or Eq. (45) also provides a conven‐
ient method for experimentally determining the
thermal constant b or bN and further constant C in Eq.
(3) according to Eq. (42) and (43), respectively. In the
experiment, one measures the outlet temperature at
a given inlet temperature and then calculates the
thermal effectiveness a according to Eq. (11). Then,
the eigen‐constant of the radiator can be determined
from Eq. (44). With the measured mass flow and a
selected reference area A, the constant b is further ob‐
tained. The free convection constant C is then obtain‐
able from Eq. (42) or Eq. (43) for Tair,N  20 °C.
The experiment can also be performed as fol‐
lows: The radiator is found in an atmosphere with a
temperature of Tair,N  20 °C. At the nominal inlet
temperature TN  75 °C, the mass flow is to be regu‐
lated until the nominal exit temperature of TN  65
°C is reached. With the measured mass flow and a
selected reference area A, the thermal constant bN can
be determined from Eq. (45). Then, the constant C is
further determined from Eq. (43). Finally, the
Nusselt number and the heat transfer coefficient is
obtainable from Eq. (3).

more than twice as large, depending on the initial
value of effectiveness aI (for aI=0.3, then, AII/AI=2.8).
The same computational concept applies to the se‐
ries connection of two radiators of the same design.
On the other hand, Eq. (46) can also be used to
determine the change in power output as a function
of the change in radiator area (height). One obtains

Q II
1 1
 kQ  

aI aI
QI

tion in radiator surface can then be calculated from
Eq. (44) as follows:
1

1
n 1
AII  II 1  kQ aI 
.


1
AI
I

1
n 1
1  aI 

(46)

For kQ=2, for instance, the thermal effectiveness
of the radiator is twice the initial value. The required
surface, as calculated from the above equation, is

1


  n 1
1
 1  1 .

n 1
 1  aI 
 

(47)

This equation, like Eq. (21), can also be consid‐
ered as another form of the first main equation of the
radiator. It represents the ratio of the thermal perfor‐
mances of two radiators that have the same design
but different surface areas (or heights) and operate
at the same mass flow rate and the same inlet tem‐
perature.
Another significant value of Eq. (44) can be con‐
firmed. For two radiators (I and II) of different size
but with the equal thermal effectiveness ( aR,I  aR,II ),
Eq. (44) yields
AII bI cp,II m R,II

AI bII cp,I m R,I

  Tair,R,I
 TR,I

  Tair,R,II
 TR,II





n 1

.

(48)

For the same inlet temperature and the same air
temperature, as well as for the same thermal con‐
stant b and the same heat capacity cp, it follows fur‐
ther

AII m R,II
.

AI
m R,I

4.2 Application of Eigen‐Constant
Another important application of the radiator
eigen‐constant is briefly presented here. The applica‐
tion is found where, for the same mass flow and the
same inlet temperature, the power output, e.g.,
should be increased/decreased by a factor kQ by seri‐
ally enlarging/reducing the radiator surface. Accord‐
ing to Eq. (11), the change in power output is propor‐
tional to the change in thermal effectiveness, so that
aII  kQ aI exists. The necessary enlargement/ reduc‐

 A
II

 AI

(49)

Because of Q  cp m T   T  , one further obtains
Q II AII
.

AI
Q I

(50)

As might have been expected, the power output
is simply proportional to the surface area of the radi‐
ators. This relationship represents the exact thermal
similarity between radiators with similar geometries
but of different sizes. It differs from Eq. (47), which
is found for two differently sized radiators with the
same mass flow rate.
A comparable thermal similarity can also be
found in plate heat exchangers [8].
The above equation can be verified by checking
the linearities of known thermal data of radiators,
which can be found, for instance, in the VDI Heat At‐
las [4]. To this end, three different arrangements of
plate radiators are considered according to Fig. 11.
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For each installation form, the power output is given
as a function of the radiator height (BH) between 0.2
and 1 m. With the width of the plate radiator equal
to 1 m, the power output is given in kW/m. Thermal
data are available for an inlet temperature of T   90
°C, an outlet temperature T   70 °C, and an air tem‐
perature Tair  20 °C. The thermal effectiveness is
calculated as a1  0.286 . This constant value can only
be given by using a variable mass flow that satisfies
Eq. (49). It is then expected that Eq. (50) is fulfilled.

Fig. 11 Plate radiators and installations, from the VDI Heat
Atlas [4]

Figure 12 shows the comparison between the
available data and the expectations according to Eq.
(50). The expected straight lines are in fact regression
lines passing through the coordinate origin. For all
three installation forms considered, the expectations
based on Eq. (50) proved to be accurate, particularly
for case I. This in turn reflects the high accuracy of
the derived main equation for radiators given by Eq.
(18). Finally, Eq. (3) is indirectly validated.

Power output (kW/m)

3.0

VDI data
expected

2.5

III

2.0

be measured or estimated on the basis of empirical
relationships, as found in the European standard
DIN EN442. The studies in the present paper there‐
fore focus on calculation methods of radiators. The
key point is the use of a reference point, which is sup‐
posed to be known and is not necessarily the design
or nominal point of the radiator considered. The
most significant advantage of this method is that all
the geometrical parameters of the radiator consid‐
ered and the properties of the air in free convection
are no longer needed for the calculations.
The accurate analyses are based on the consid‐
eration of the real variation of the heat transfer coef‐
ficient along the radiator surface, instead of assum‐
ing a constant. Two main equations, i.e., thermal
characteristic equations of the radiator have been es‐
tablished, which allow all other operating points to
be calculated simply and directly from the reference
point. Because of their powerful effectiveness, the
main equations can also be called the master equa‐
tions. For performing special load adjustments of ra‐
diators, reverse calculations for different control con‐
cepts were also presented. Furthermore, the empiri‐
cal relationship, i.e., the approach of the heat output
of radiators found in DIN EN442 for buildings was
reviewed for its accuracy and application re‐
strictions. As was confirmed with the aid of the main
equations, even the use of the logarithmic tempera‐
ture difference in the given formula is inaccurate. For
the design and calculation of radiators, both the
eigen‐constant and the eigen‐parameter were intro‐
duced. Then, the experimental method for easily de‐
termining the heat transfer coefficient based on the
use of eigen‐constant was outlined. Furthermore, the
introduced eigen‐constant of radiators also contrib‐
utes to the calculation of the power output as a func‐
tion of the radiator area. Using the data available in
the VDI Heat Atlas, corresponding applications and
application accuracy were demonstrated.

II

1.5

Nomenclature

I

1.0
0.5
0.0
0.2

0.4

0.6

0.8

1.0

Height (m)
Fig. 12 Comparison between the available data (VDI Heat
Atlas) and the expectations

5 Summary
For common reasons, the thermal characteris‐
tics of radiators, as in HVAC applications, could only

a
A
b
C
cp
E
l
ṁ
n
Nu
Pr
Q

Thermal effectiveness
Area of radiator surface
Constant
Constant
Specific heat capacity of fluid
Eigen‐parameter of the radiator
Characteristic length
Mass flow rate
Exponent
Nusselt number
Prandtl number
Heat power output
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Ra
T







Rayleigh number
Temperature
Heat transfer coefficient
Thermal expansion coefficient
Dimensionless temperature difference
Thermal conductivity of air
Kinematic viscosity
Eigen‐constant of the radiator
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